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Abstract.
The inflationary epoch and the late time acceleration of the expansion rate of
universe can be explained by assuming a gravitationally coupled scalar field. In this
article, we propose a new method of finding exact solutions in the background of flat
Friedmann-Robertson-Walker (FRW) cosmological models by considering both scalar
field and matter. We consider different forms of scalar field potential as a function of
scale factor. Our method provides analytical expressions for equation of state parame-
ter of scalar field, deceleration parameter and Hubble parameter. This method can be
applied to various other forms of scalar field potential, to the early radiation dominated
epoch and very early scalar field dominated inflationary dynamics. Since the method
produces exact analytical expression for H(a) (i.e., H(z) as well) one can use this result
to constrain the model parameters using Hubble parameter data at different redshifts.
As an extension of the method, we also consider the inverse problem of reconstructing
scalar field potential energy by assuming any general analytical expression of scalar
field equation of state parameter as a function of scale factor.
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1 Introduction
The observations of type I-A supernovae indicate that expansion rate of the universe
in the recent past (on cosmological time scale) is speeding up [1, 2, 8–20]. This discov-
ery serves as a paradigm shift in our understanding of cosmology by postulating the
existence of a component named ‘dark energy’. The analysis of current cosmological
observations [20] indicates that the ‘dark energy’ provides dominant contribution to the
present total energy density of the universe. The accelerated expansion took place also
in a widely separated time epoch, before the Universe became radiation dominated,
during inflation [7], the theory of which was subsequently developed by [4, 5, 7].
The inflationary epoch as well as the recent accelerated expansion can be model led
by postulating existence of a scalar field dynamically coupled to gravitation. Since a
scalar field is a simple, yet natural candidate which causes accelerated expansion it
plays a fundamental role in cosmology. Scalar fields have been extensively studied in
cosmology (see [3–6] and references therein). The scalar field, in this context, serves as
the model of dark-energy. For the purpose of constraining the nature of dark-energy
understanding the evolution of the universe during the accelerated expansion epoch of
universe is an area of great research interest.
Currently, there is no unique underlying principle can uniquely specify the po-
tential of the scalar field that gives rise to earlier inflationary epoch and the late
time accelerated epoch of the universe. Many proposals based on new particle physics
and gravitational theories were introduced (see [21] and references therein) and others
were based on ad-hoc assumption so as to get the desired evolution of the universe
[22]. There is also a formalism where we can reconstruct the potential by using the
knowledge of tensor gravitational spectrum and the scalar density fluctuation spectrum
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[23, 24]. Though there are numerous scalar field potential which can give rise to accel-
erated expansion, the exact solutions of these cosmological models are less known. As
the exact solutions of cosmological models gives rise to exact cosmological parameters,
they have a vital role in the present cosmological scenario. There are several methods
by which one can explore the exact solutions of Friedman equations in a scalar field
dominated universe. The construction of exact solutions for an inflationary scenario
was started with Muslimov [25]. The author, by starting with the assumption of scalar
field potential V (φ), found the remaining parameters, i.e a(t) and φ(t) based upon the
model. A method of generating exact solutions in scalar field dominated cosmology by
considering scalar field potential as a function of time V (t) has been explored in [26].
By assigning the time dependence of scale factor a(t), we can also find the scalar field
φ(t) and potential V (t) as seen in [22]. One can also find the analytical expressions
for a(t) and V (φ) by assigning time dependence of scalar field φ(t) which is explored
in [27]. Barrow [28] showed a simple method of finding exact solutions of cosmological
dynamic equations in terms of a pressure-density relationship.
One can also reduce the scalar field cosmology equations to a known type of
equation whose solution has already been developed. In [29, 32] we can see a method
in which the Klein-Gordon equation which describes the dynamics of the scalar field is
transformed to a first order non-linear differential equation. This equation immediately
leads to the identification of some exact classes of scalar field potentials V (φ) for which
the field equations can be solved exactly and there by obtaining analytical expressions
for a(t), φ(t) and q(t) . The solutions of the Friedman equations in a scalar field
dominated universe is explored by its connection with the Abel equations of first kind is
seen in [30]. Here for a given V (φ) one can obtain a(t) and φ(t) analytically. The exact
solutions for exponential form of the potential V (φ) by rewriting the Klein-Gordon
equation in the Riccati form and thereby transforming it into a second-order linear
differential equation is investigated in [31]. Analytical solutions to the field equations
can also be obtained by considering suitable generating functions. Here the generating
functions are chosen as a function of one of the parameters of the model [32–35] and thus
by simplifying the scalar field cosmology equation one can obtain all the parameters
of the model. In [36] a method was proposed by simplifying scalar field cosmology
equation by assuming Hubble function as a function of scalar field φ. By making use
of the Noether symmetry for exponential potential [37, 38], Hojman’s conservation law
[39], and other non-canonical conservation laws [40] for arbitrary potential and also
by the form-invariant transformations of scalar field cosmology equations [41] one can
obtain the exact solutions for the parameters of the model.
Though there are various ways for finding exact solutions in scalar field cosmol-
ogy, the solutions are limited if we incorporate the contributions by a perfect fluid
source. In [42] the authors showed that the Einstein’s equations with a self-interacting
minimally coupled scalar field, a perfect fluid source and cosmological constant can
be reduced to quadrature in the Robertson-Walker metric. Here the scale factor is
considered as the independent variable and the scalar field potential is expressed in
terms of scale factor. Barrow [43] presented exact solutions of Friedman universes
which contain a scalar field and a perfect fluid with the requirement that the kinetic
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and potential energies of the scalar field be proportional. The classes of scalar field
potentials V (φ), which provide exact solutions for scalar field with scaling behavior
had been investigated in [44]. Fomin [45] explored the exact solutions by considering
scalar field and matter fields or non-zero curvature by representing the main cosmolog-
ical parameters as a function of number of e-folds and also by the direct substitution
of the scale factor.
In this paper we propose a new method of finding analytical solutions of equation
of state parameter of scalar field, deceleration parameter and also the Hubble parameter
as a function of scale factor. Using the continuity equation for the scalar field we
form a first order linear inhomogeneous equation of the independent variable φ˙2 and
dependent variable a. Since the inhomogeneous term is given by −dV/da, derivative of
the scalar field a the linear equation is exactly solvable for any choice of V = V (a). As
some test applications we present solutions for some chosen forms of V (a). Since the
linear equation is completely decoupled from the other source terms of the Friedmann
equation the solution of φ˙2(a) and the chosen form of V (a) can be used in the right
hand side of first Friedmann equation together with the other source terms. Therefore,
apart from the scalar field, our method can incorporate matter or radiation as a perfect
fluid source to obtain an exact solution of H(a) or H(z), which can be constrained using
observations. Since the method is applicable for any well behaved (e.g., differentiable
w.r.t. a) chosen form of V (a) it can be applied to understand the physics of the
inflation, as well as the late time acceleration of expansion rate.
The paper is organized as follows. In Sec. 2 we explore the basis equations in
scalar field cosmology. In Sec. 3.1 we consider the scalar field potential energy of power
law form. In Sec. 3.2 exponential form of potential energy is considered. In Sec. 3.3
some other forms of scalar field potential energy is explored. The Sec. 4 is dedicated
to the reconstruction of scalar field potential energy. Finally, in the last Sec. 5 we
discuss and conclude upon our results.
2 Formalism
In the spatially flat Friedman-Robertson-Walker (FRW) model of the universe the
space-time interval ds between two events in a global comoving Cartesian coordinate
system follows,
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2) , (2.1)
where a and t represent the scale factor and comoving time respectively and we have
used c = 1 unit. If the universe is dominated by the non-relativistic matter (e. g.,
baryon and cold dark matter) and a spatially homogeneous and time varying scalar
field, φ which is minimally coupled to gravity, the evolution of a(t) is determined by
the following system of equations,
H2 ≡
( a˙
a
)2
=
8piG
3
[
ρφ + ρm
]
, (2.2)
a¨
a
= −4piG
3
[
ρm + ρφ + 3(pm + pφ)
]
, (2.3)
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where an over-dot represents derivative with respect to the comoving time t and ρφ and
ρm represent the scalar field and matter density respectively. The time evolution of
φ(t) couples to a(t) and V (φ) and is governed by the second order generally non-linear
differential equation,
φ¨+ 3Hφ˙+
dV
dφ
= 0 . (2.4)
We also have the continuity equation which holds separately for each component,
ρ˙+ 3Hρ
(
1 + ω
)
= 0 , (2.5)
where ω ≡ p/ρ represents the equation of state parameter for the component under
consideration. The fluids filling the universe have equation of state given by,
pm = 0, pφ = ωφρφ , (2.6)
with
ρm =
ρ0m
a3
1, ρφ =
φ˙2
2
+ V, pφ =
φ˙2
2
− V . (2.7)
Using pφ and ρφ from Eqn. 2.7 in Eqn. 2.5 along with pφ = ωφρφ, we can rewrite
continuity equation as follows,
d
da
( φ˙2
2
)
+
dV
da
+
3
a
( φ˙2
2
)
= 0 . (2.8)
Now, by considering V = V (a) and using the transformation φ˙2(a) = y(a) we get the
following linear differential equation,
dy
da
+ 2
dV
da
+
6
a
y = 0 , (2.9)
where we have assumed that y and V are in units of present day critical energy density
ρ0c such that,
y → y′ = y
ρ0c
, V → V ′ = V
ρ0c
, (2.10)
and omitted any primes in our forthcoming analysis of this work. The solution of
linear differential equation 2.9 gives φ˙2(a) 2. Using Eqn. 2.10 the Friedmann Eqns. 2.2
and 2.3 become,
H2(a) = H20
(
φ˙2
2
+ V (a) +
Ω0m
a3
)
, (2.11)
and
a¨
a
= −H20
(
φ˙2 − V (a) + Ω
0
m
2a3
)
, (2.12)
1In this artcile, we use super or subscript 0 to represent the values of the dynamical variables at
present time t0 with the convention a0 = 1, so that present day redshift z0 = 0
2We note that with the aforementioned normalization choice both V and φ˙2 henceforth become
dimensionless variables.
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where we have assumed pm = 0. At this point, we mention that once a form of
V (a) is assumed, Eqn. 2.9 may be considered to be decoupled from the expansion
dynamics of the universe, i.e., it does not depend on the exact solution of a(t) which
is obtained from first and second Friedman equations, Eqns. 2.11 and 2.12. This is an
excellent advantage since the independent variable y(a) can now be evolved irrespective
of evolution of other components that contribute to the total energy momentum tensor.
Another advantage of Eqn. 2.9 is that using its solution we immediately obtain the
equation of state parameter of scalar field as, ωφ as
ωφ(a) =
φ˙2/2− V
φ˙2/2 + V
, (2.13)
which serve as an important physical parameter to describe and constrain the nature
of dark energy from both observational and theoretical point view. In this work, we
focus ourselves for cases where both φ˙2 and V (a) are positive (semi) definite, resulting
in −1 ≤ ωφ(a) ≤ 1.
Once φ˙2(a) is solved using Eqn. 2.9 for the assumed model of V (a) one can relate
the dynamics of the φ sector with some important dynamical variables of the dynamics
of a(t). One such variable is the total effective equation of state parameter, ωtot taking
into account all components of the universe,
ωtot(a) ≡ pφ + pm
ρφ + ρm
≡ φ˙
2(a)/2− V (a)
φ˙2(a)/2 + V (a) + Ω0m/a
3
, (2.14)
where Ω0m represents the present day energy density parameter for matter. The effective
equation of state parameter, ωtot has great significance because it tells us whether the
universe undergoes an accelerated expansion (ωtot < −1/3) or decelerating expansion
(ωtot > −1/3) at any particular epoch of time. Another useful parameter which encodes
the information of acceleration or deceleration phases of a(t) in its sign is the so-called
deceleration parameter, q, defined as,
q = − a¨
a˙2
a = − a¨
a
( a˙
a
)−2
= − a¨
a
(
H
)−2
. (2.15)
A transition between the two phases always corresponds to zeros of the q parame-
ter. Since φ˙2(a), V (a) and ρm(a) are now known functions of scale factor, by using
Eqn. 2.2 we can easily obtain the Hubble parameter, H(a) 3. Knowing the numera-
tor of Eqn. 2.15 using Eqn. 2.12 and denominator using Eqn. 2.11 we find an exact
expression of q(a) as well.
Before we proceed to discuss solution of Eqn. 2.9 for specific choice of V (a) let
us discuss some general features of these solutions. First, a = 0 is a singular point of
Eqn. 2.9. This means that the solution φ˙2(a) is not analytic at a = 0. One common
feature of φ˙2 may be obtained by considering the associated homogeneous equation
3Solutions corresponding to H > 0 correspond to expanding cosmological models and H < 0
corresponds to collapsing models.
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corresponding to Eqn. 2.9 by setting either V = 0 or V = V0, a constant for all a,
so that dV/da = 0. In this case, ignoring the trivial solution, φ˙2(a) = 0, we have
φ˙2(a) = φ˙20/a
6. In fact, presence of a modulation factor of ∼ 1/a6 is ubiquitous in the
solution of φ˙2(a) through the integrating factor of Eqn 2.9 for any other choice of V (a).
Thus φ˙2 diverges in general, as a→ 0. This can be contrasted with the corresponding
behavior for matter (or radiation) density, ρm(a) = ρ
0
m/a
3 (ρr(a) = ρ
0
r/a
4). We note
that, such divergence of φ˙2(a) does not necessarily imply divergence of ωφ, for a general
V (a). If V = V0 we have ωφ(a) =
(
φ˙20 − 2a6V0
)
/
(
φ˙20 + 2a
6V0
)
, which tends to unity
as a→ 0 4.
3 Applications
3.1 Power Law Potential
Let us consider the power law form of potential energy density,
V (a) = V0a
n , (3.1)
where V0 is a dimensionless constant and n is a real number. By direct observation
of Eqn. 2.9 we see that in this case, φ˙2(a) ∼ an is a solution. If n > 1 all terms of
Eqn. 2.9 remains finite for all a. In fact, for any polynomial choice of
V (a) =
n∑
p=0
Vpa
p+1 , (3.2)
where Vp for p = 1, ...., n are constants, φ˙
2(a) also admits a polynomial solution
φ˙2(a) =
n∑
p=0
Apa
p+1 , (3.3)
which is finite for all a. In this case, 2.9 becomes,
n∑
p=0
Ap (p+ 7) a
p = −2
n∑
p=0
Vp(p+ 1)a
p , (3.4)
which leads to a solution of the form
φ˙2(a) = −2
n∑
p=0
Vp (p+ 1)
(p+ 7)
ap+1 . (3.5)
Eqn. 3.5 does not capture the complete picture of the most general solution φ˙2(a)
since it only corresponds to the solution of the in-homogeneous Eqn. 2.9. The general
4Apart from the usual argument that the classical Friedmann equation must only be valid up to
some initial scale factor well above the Planck length scale, the problem of divergence of φ˙2 can also be
bypassed if we assume that the scalar field theory valid up to some initial scale factor ai corresponding
to φ˙2(ai) = φ˙
2
i , a finite value.
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Figure 1. Figure showing allowed parameter space (in dark cyan) of V0 and n for which φ˙
2
as given by Eqn. 3.10 is positive.
solution of Eqn. 2.9 is obtained after adding with Eqn. 3.5 C/a6, which is the solution
corresponding to the homogeneous equation of Eqn. 2.9, where C is a constant. The
general solution is therefore,
φ˙2(a) = −2
n∑
p=0
Vp (p+ 1)
(p+ 7)
ap+1 +
C
a6
. (3.6)
The constant C is fixed by imposing suitable boundary condition. If the potential
energy density consists of a single power law as given by Eqn. 3.1, the only value of p
in Eqn. 3.6 becomes p = n− 1. Eqn. 3.6 now becomes,
φ˙2(a) ≡ y(a) = 1
a6
(
− 2V0na
n+6
n+ 6
+ C
)
, (3.7)
where n 6= −6. If at t = t0, a = a0 = 1 and φ˙2(1) = y0, then ρ0φ+ρ0m = ρ0c = 3H20/(8piG),
which following the definitions of Eqn. 2.10 implies,
y0 = 2
(
1− V0 − Ω0m
)
. (3.8)
Using Eqns. 3.7 and 3.8 we obtain,
C = y0 +
2V0n
n+ 6
= 2
[
n+ 6 (1− V0)
n+ 6
]
− 2Ω0m , (3.9)
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with Ω0m = 0.30. Finally using Eqns. 3.7 and 3.9 we obtain,
φ˙2(a) =
1
a6
[
2
(
n+ 6 (1− V0)
n+ 6
)
− 2V0na
n+6
n+ 6
− 2Ω0m
]
. (3.10)
Not all values of parameters V0 and n ensure that φ
2(a) remains positive for all a. The
parameter space of V0 and n for which φ˙
2 remain positive for a range of scale factor
0.1 ≤ a ≤ 2 is shown in Fig. 1 by the dark-cyan color.
To get some insight into the nature of the solution given by Eqn. 3.10 we first
consider a simple case for which n = 0 (implying V = V0, a constant) and Ω
0
m = 0 as
well. This corresponds to a dark energy dominated flat universe with φ˙20 = 2(1− V0).
If V0 6= 1, V 6= 1 for always and using Eqn. 3.10,
φ˙2(a) =
2(1− V0)
a6
, (3.11)
implying the kinetic energy density of the scalar field decays as ∼ a−6 as the universe
expands. One can further consider two limiting values of V0, namely, 1 and 0 respec-
tively. If V0 = 1 then from Eqn. 3.10 φ˙
2(a) = 0 for all a implying φ is a constant. In
this case, as expected, we recover the cosmological model with cosmological constant
with ωφ(a) = −1. If V0 = 0, φ˙20 = 2 to satisfy the flatness condition today. In this case,
ωφ = 1 always and hence the particular scalar field theory does not cause inflation.
Using Eqn. 3.11 we obtain φ˙2(a) = 2/a6. Substituting this in first Friedmann equation
with Ω0m = 0 and after some algebra one finds,
a(t) =
(
H0
)1/3
t1/3 , (3.12)
where we have used boundary condition a = 0 at t = 0. Clearly this particular scalar
field does not cause inflation as argued earlier since ωφ = 1. In summary, we conclude
that for different choices of numerical values of V0 and specific choice of exponent n
in Eqn. 3.1 the solutions φ˙2(a) as given by Eqn. 2.9 are capable of capturing a wide
range of dynamical behavior of scale factor a(t).
Using the general solution φ˙2(a) (Eqn. 3.10) and Eqn. 3.1 in Eqn. 2.13 and
Eqn. 2.14 respectively, we obtain,
ωφ =
n+ 6(1− V0)− Ω0m(n+ 6)− 2V0(n+ 3)an+6
n+ 6(1− V0)− Ω0m(n+ 6) + 6V0an+6
, (3.13)
and
ωtot =
n+ 6(1− V0)− Ω0m(n+ 6)− 2V0(n+ 3)an+6
n+ 6(1− V0)− Ω0m(n+ 6) + 6V0an+6 + Ω0ma3(n+ 6)
. (3.14)
One can also easily calculate the Hubble parameter H(a) as a function of scale factor
using the Eqn. 2.11,
H2(a) = H20
[
1
a6
(
n+ 6(1− V0)
n+ 6
− Ω0m −
V0na
n+6
n+ 6
)
+ V0a
n +
Ωm0
a3
]
5 . (3.15)
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Figure 2. Variations of ωφ(a) as functions of scale factor, a are shown on the top-left and
top-right panels, corresponding to the potential V (a) = V0a
n. Bottom panel shows variation
of q(a) for the same potential. The left plots correspond to different values of V0 and a fixed
value of n. The right correspond to different values of n and a fixed value of V0.
The deceleration parameter q(a) can be obtained from the Eqn. 2.15
q(a) =
Ω0m(a
3 − 4)(6 + n) + n(4− 6an+6V0)− 12(−2 + (2 + an+6)V0)
2(6 + n+ Ω0m(n+ 6)(a
3 − 1)− 6V0 + 6an+6V0) . (3.16)
Based on the allowed parameter values shown in Fig. 1 one can plot the variations
of equation of state parameter of scalar field ωφ and the deceleration parameter q as
functions of scale factor. We show in in Fig. 2. Although, the formalism of this article
is applicable also for early scalar field dominated inflation, in the current work we
focus on the study of late time acceleration of the universe. In Fig. 2 we, therefore,
chose the scale factor between a = 0.1 and a = 2 which includes the current epoch
a0 = 1
6. In top left of Fig. 2 we show variation of ωφ(a) for different values of V0 and
5H > 0 correspond to expanding cosmological models and H < 0 corresponds to collapsing models.
6The further incorporation of the early inflationary era will be followed in a future article.
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a fixed value n. For the fixed n increase in the value of V0 corresponds to an early
transition of scalar field component from ωφ > 0 to ωφ < 0 state. With increase in V0,
ωφ saturates to a constant negative value as scale factor becomes & 1.3. In top right
of Fig. 2 we show variation of ωφ with respect to a for a fixed V0 but different n values
as indicated in this figure. As seen from this figure, a larger negative value for n shifts
the negative saturation values of ωφ for a & 1.3 towards a more positive value. All
curves of top-right meet at a = 1 since for all these cases φ˙2 (and obviously, V as well)
has the same value at a = 1. The horizontal lines of both top-left and top-right figures
correspond to ωφ = −1/3. Values of scale factors corresponding to crossing of these
lines by each of ωφ curves of these figures represent a transition between decelerated
and accelerated phases of expansion of a(t) for a single scalar field dominated Universe.
In bottom left and bottom right panels of Fig. 2 we show variations of q(a) for different
choices of the parameters n and V0. As seen from these two figures the scale factor
corresponding to the transition between deceleration and acceleration phases depend
upon both n and V0. In summary, a wide range of dynamical behavior of ωφ and a(a)
may be obtained depending upon the precise values of V0 and n consistent with Fig. 1.
An interesting result for the power-law potential is shown in Fig. 3. In left panel
0.01
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1
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1000
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
ρ
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ρφ
ρm
(a)
−0.8
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0.2
0.4
0.6
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
q(
a
)
a
n=-0.24, V0=0.672
(b)
Figure 3. Left figure shows variation of energy density (log scale) of non-relativistic matter
and the energy density of scalar field corresponding to the potential V (a) = V0a
n with
V0 = 0.672 and n = −0.24. The equality is seen around a = 0.75. Right figure shows
the deceleration parameter q corresponding to these parameter values. q(a) undergoes a
transition from deceleration to acceleration phase at around a = 0.6.
of this figure we show the variation of density of non-relativistic matter and scalar
field component with a. For the specific chosen values of V0 = 0.672 and n = −0.24,
we see that transition between matter and dark-energy dominated Universe occurs
around a ∼ 0.75, i.e., the scalar field start to dominate at the very late stage of the
evolution of the Universe and it drives the present accelerated expansion. For the same
choice of these parameters, the right panel of this figure shows that transition between
deceleration and acceleration phases of expansion occurs at a ∼ 0.6, as seen from the
observations [46].
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3.2 Power Law and an Inverse
In this section we consider sum of the two power law potentials of the form,
V (a) =
V1
am
+ V2a
n , (3.17)
where V1 and V2 are dimensionless constant and m and n can be any positive real
number. The V1 and V2 are constrained by the equation,
0 ≤ V1 + V2 < 0.7 (3.18)
Now the solution of Eqn. 2.9 can be expressed as,
φ˙2(a) ≡ y(a) = 1
a6
(2mV1a6−m
6−m −
2nV2a
6+n
6 + n
+ C
)
, (3.19)
where m 6= 6 and n 6= −6. C represents the constant of integration and is fixed by
imposing suitable boundary condition. If at t = t0, a = a0 = 1 and φ˙2(1) = y0, then
ρ0φ + ρ
0
m = ρ
0
c = 3H
2
0/(8piG), which following the definition of Eqn. 2.10 implies,
y0 = 2
(
1− V1 − V2 − Ω0m
)
. (3.20)
Using Eqn. 3.19 constant of integration C is given by,
C = y0 +
2V2n
6 + n
− 2V1m
6−m = 2
[
n+ 6 (1− V2)
6 + n
− 6V1
6−m
]
− 2Ω0m , (3.21)
where y0 is given by Eqn. 3.20. Finally, we can rewrite Eqn. 3.19 as,
φ˙2(a) =
1
a6
[
2
(
n+ 6 (1− V2)
6 + n
− 6V1
6−m
)
+
2mV1a
6−m
6−m −
2V2na
6+n
6 + n
− 2Ω0m
]
. (3.22)
Now for the simplest case, where m = 0 and n = 0 (implies V = V1 + V2, a constant)
and also with Ω0m = 0, we get,
φ˙2(a) =
2(1− (V1 + V2))
a6
(3.23)
In this case, if V1 + V2 = 1 (potential energy dominated), following similar line of
discussion that follows after Eqn. 3.11 we recover ωφ = −1, the cosmological constant
model. On the other side, if V1 = V2 = 0, the energy density of scalar field ρφ will
decay as ∼ a−6. But this scalar field can not give rise to an accelerated solution as
ωφ = 1.
Using the general solution of φ˙2(a), we can obtain the equation of state parameter
of scalar field from Eqn. 2.13 as,
ωφ(a) =
[
−6am(m− 6)V2 + 2(3am − a6(m− 3))(6 + n)V1 − am(m− 6)×{
(Ω0m − 1)(6 + n) + 2a6+n(3 + n)V2
}]/ [
−6am(m− 6)V2+
6(am − a6)(n+ 6)V1 − am(m− 6)((Ω0m − 1)(n+ 6)− 6an+6V2)
]
.
(3.24)
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Figure 4. Figure showing variations of ωφ (left) and q (right) as functions of scale factor
corresponding to the potential V (a) = V1am + V2a
n with V1 = 0.24, V2 = 0.44, m = 0.78 and
n = 0.24.
One can also obtain Hubble parameter as a function of scale factor from Eqn. 2.11,
H2(a) =H20
(
1
a6
[(
n+ 6 (1− V2)
6 + n
− 6V1
6−m
)
+
mV1a
6−m
6−m −
V2na
6+n
6 + n
− Ω0m
]
+
V1
am
+ V2a
n +
Ω0m
a3
)
.
(3.25)
Moreover using Eqn. 3.22 and Eqn. 3.17 into Eqn. 2.14 one obtains ωφ(a). Using
Eqn. 3.25 and right side of Eqn. 2.3 in Eqn. 2.15, we obtain analytical expression for
deceleration parameter q(a).
The variations of equation of state parameter of scalar field ωφ(a) and deceleration
parameter q(a) for the parameter values V1 = 0.24, V2 = 0.44, m = 0.78 and n =
0.24 are shown in Fig. 4. In the left panel of Fig. 4, we show that the equation of
state parameter of the scalar field gets saturated to ωφ ≈ −1 for a > 0.8. Thus in
this scenario, the equation of state parameter of the scalar field closely resembles a
cosmological constant at the present epoch. The horizontal line in the left panel of
Fig. 4 correspond to ωφ = −1/3. Moreover in the right panel of Fig. 4, we show that
the universe is having a transition to accelerated phase at around a ∼ 0.6, which closely
matches with the observations [46]. Once φ˙2(a) is found, we can also obtain ρφ(a) from
Eqn. 2.7. In Fig. 5 we show the variation of energy density (log scale) of scalar field
and non-relativistic matter as functions of the scale factor for the parameter values
V1 = 0.62, V2 = 0.04, m = 0.42 and n = 1.2. For the specific choice of these parameter
values, we see that the transition between matter and dark energy dominated universe
occurs at around a ∼ 0.73, i.e, the scalar field which starts to dominate at the very
late stage of the evolution of the universe, drives the present accelerated expansion.
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Figure 5. Figure showing variation of energy density (log scale) of scalar field corresponding
to the potential V (a) = V1am +V2a
n and non-relativistic matter as a function of the scale factor
for V1 = 0.62, V2 = 0.04, m = 0.42 and n = 1.2. The equality is observed at a = 0.73.
3.3 Exponential-like Potential
Let us assume a potential of the following form,
V (a) = V0(1− e−λa) , (3.26)
where V0 is a dimensional constant and λ can be any positive real number. Solving
Eqn. 2.9 using potential energy as given by Eqn. 3.26 we obtain,
φ˙2(a) =
1
a6
(
2e−λaV0
λ6
[
720 + 720aλ+ 360a2λ2 + 120a3λ3+
30a4λ4 + 6a5λ5 + a6λ6
]
+ C
)
,
(3.27)
where C represents the constant of integration and it is fixed by imposing suitable
boundary condition. We note that, at t = t0, a = a0 = 1. Also φ˙2(1) = y0 and
ρ0φ + ρ
0
m = ρ
0
c = 3H
2
0/(8piG). Using these results and following the definitions of
Eqn. 2.10 we obtain,
y0 = 2
(
1− V0(1− e−λ)− Ω0m
)
. (3.28)
Using the Eqn. 3.27, we can express the constant of integration C as,
C = y0 − 2V0 exp(−λ)
λ6
[
720 + 720λ+ 360λ2 + 120λ3 + 30λ4 + 6λ5 + λ6
]
. (3.29)
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Figure 6. Figure showing variation of ωφ (top-left and top-right) and q (bottom panel) as
functions of scale factor corresponding to the potential V (a) = V0(1−e−λa). In the left plots,
the variations are shown for a fixed λ but varying V0. The right plots correspond to a fixed
V0 but varying λ.
Finally one can obtain,
φ˙2(a) =
1
a6
(
2 exp(−λa)V0
λ6
[
720 + 720aλ+ 360a2λ2 + 120a3λ3 + 30a4λ4 + 6a5λ5 + a6λ6
]
+ y0 − 2V0 exp(−λ)
λ6
[
720 + 720λ+ 360λ2 + 120λ3 + 30λ4 + 6λ5 + λ6
])
,
(3.30)
where y0 is constrained by the Eqn. 3.28 with Ω
0
m = 0.30. Other parameters H
2(a)
(Eqn. 2.11), ωφ (Eqn. 2.13), ωtot (Eqn. 2.14) and q(a) (Eqn. 2.15) can be obtained
following the same method as we followed in Sec. 3.1 or Sec 3.2. The variations of ωφ
and ωtot with scale factor a are shown in top left and top right panels of Fig. 6 for
different parameter values V0 and n. For the chosen values of the parameters for a fixed
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Figure 7. Figure showing allowed parameter space (in dark cyan color) of V0 and λ for
which φ˙2 > 0 (e.g., Eqn. 3.30).
value of λ, ωφ changes sign at an earlier time with increase in V0 (top left). For a fixed
value V0, the variation of λ does not affect the evolution of ωφ significantly (top right)
because of the exponential form of the the potential. In the bottom panel of Fig. 6
we show variation of q(a) for fixed λ but different V0 (bottom left) and for fixed V0
but different λ (bottom right). For the particular type of exponential potential chosen
and for the chosen parameter values the Universe undergoes a transition to accelerated
expansion phase at an early time ’with the increase in value of V0 but for fixed λ.
However, for a given V0, increase in λ does not change evolution of q(a) significantly.
We note in passing that, not all values of parameters λ, V0 result in a positive φ˙
2. The
allowed parameter space for φ˙2 > 0 is shown in dark-cyan color in Fig. 7.
4 Reconstruction of Scalar Field Potential Energy
The first order differential Eqn. 2.9 has another great advantage. It can be used as
a tool to reconstruct V (a) and φ˙2(a) from any general equation of state parameter,
wφ(a) of the scalar field. To illustrate this, we first note that,
φ˙2(a) =
[
ωφ + 1
1− ωφ
]
(2V (a)) , (4.1)
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where we have used Eqn. 2.13 7 After some algebra, we obtain,
dφ˙2(a)
da
=
2V
(1− ωφ)2
dωφ
da
+ 2
dV
da
[
1 + ωφ
1− ωφ
]
. (4.2)
Using Eqns. 4.1 and 4.2 in Eqn. 2.9, after some algebra we obtain,
dV
da
+ V
[
3 (1 + ωφ)
a
+
1
2 (1− ωφ)
dωφ
da
]
= 0 , (4.3)
which has the solution,
V (a) = V0 exp
[
−
∫ a
1
{
3 (1 + ωφ)
a
+
1
2 (1− ωφ)
dωφ
da
}
da
]
, (4.4)
where V0 = V (a = a0 = 1) as earlier. It is evident from Eqn. 4.4 that given any
general form of ωφ an analytical expression of scalar field potential energy density
can be obtained as long as the first and second integrands in the exponent of this
equation are integrable. The second integral in the exponent can further be carried
out analytically. Performing integration by parts on the first integrand, and after some
algebra as in Appendix we find,
V (a) = V0
[
1− ωφ(1)
1− ωφ(a)
]1/2
a−3(1+ωφ(a)) exp
{
3
∫ a
1
dωφ
da
ln(a)da
}
, (4.5)
It is interesting to note from Eqn. 4.5 that apart from the scale factor dependence
through ωφ induced by the first term
[
(1− ωφ(1))/(1− ωφ(a))
]1/2
, V (a) is determined
by the product of one power law and another exponential function in a. As a simple
application of Eqn. 4.5 if we assume ωφ = −1 for all a, the exponential function on a
becomes unity and since dωφ/da = 0, the integral in the exponent disappear as well,
implying V = V0, a constant. In this case, φ˙
2 = 0 by using Eqn. 4.1, as expected.
Therefore, starting from ωφ = −1 we reproduce the well known case of a cosmological
constant by using the general solution of V (a) (Eqn 4.5) and definition of ωφ (Eqn. 4.1).
If we assume ωφ(a) = 0 for all a, then using Eqn. 4.5 we obtain V (a) = V0/a
3 and
φ˙2/2 = V (a) using Eqn 2.13, i.e. the kinetic energy of the scalar field traces the
potential energy exactly for all a. In the case, the scalar field behaves like pressure less
non relativistic matter.
An interesting application of Eqn. 4.4 is to obtain potential energy density for the
CPL equation state
ωφ(a) = ω0 + ω1a , (4.6)
where ω0 and ω1 are constants
8. Using Eqn. 4.6 in Eqn. 4.5 we obtain,
V (a) = V0
[
1− ω0 − ω1
1− ω0 − ω1a
]1/2
a−3(1+ω0+ω1a)aω1 . (4.7)
7In this case, we have assumed that ωφ(a) 6= 1 or equivalently, V (a) 6= 0 for the domain of interest
of a. The solution V (a) = 0 when ωφ(a) = 1 can be easily obtained from Eqn. 2.13.
8In fact, the CPL equation of state parameterized by, ωφ(z) = ωa + ωb
z
1+z , where z denotes the
redshift. Using 1/a = 1 + z and a some algebra with some redefinition of variables, one can show this
is equivalent to Eqn. 4.6
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If ω1 = 0 in Eqn. 4.6 so that ωφ = ω0 6= 1, Eqn 4.7 leads to
V (a) = V0a
−3(1+ω0) . (4.8)
Using Eqn. 2.13 provides φ˙2(a) = 2V
−3(1+ω0)
0 (1 + ω0) / (1− ω0).
5 Conclusions
The exact solutions of Einstein’s equations play a very important role in cosmology as
they help in the understanding of quantitative and qualitative features of the dynamics
of the universe as a whole. In this article, we discuss a method to obtain analytical
expressions for the equation of state parameter, deceleration parameter and Hubble
parameter in spatially flat FRW model of the universe with a perfect fluid and scalar
field. We consider a few simple forms of scalar field potential energy as a function of
scale factor and we studied how they could characterize the late time acceleration of
the universe.
In Sec. 2 a method is proposed to obtain analytical expressions for the kinetic
energy (φ˙2) of the scalar field as a function of scale factor for different choices of the
scalar field potential. Once the kinetic term (φ˙2) is obtained, one can also obtain exact
solutions for ωφ, ωtot, q and H(a) by simple substitution. The method proposed in this
article can also be applied to inflationary phase, to obtain analytical solutions, where
the scalar field dominates. The effective equation of state parameter ωtot and also the
deceleration parameter are of great importance as they provide information about the
epochs of acceleration and deceleration phases of the universe.
It is important to emphasize the importance of exact expression of H(a) (or H(z))
obtained by us in scalar field cosmology with other perfect fluid components like matter
and radiation. The analytical results can be directly fitted with observations of H(z)
to estimate the best-fit values of parameters of the theory. Thus our method builds
an important connection between theory and observations to constrain the scalar field
potential along with other cosmological parameters.
We also analyze how the dynamics of the universe changes, when we vary the
model parameters. For the case of the potential V0a
n, lower the values of V0, the epoch
of deceleration to acceleration will be late compared to higher V0 values. For the case
of fixed V0, lower values of n corresponds to an earlier transition from deceleration to
acceleration phase of the universe. For the case of the potential, V0(1−e−λa), lower the
values of V0 corresponds to a late transition from deceleration to acceleration phase of
the universe. So by carefully choosing the model parameters (V0, n, λ,m), one could
have a qualitative understanding of the evolution of the universe as seen in the figures
in Sec. 3.1, 3.2 and 3.3. This method is not limited to the only a few forms of
the potential that we have considered, it can also be applied to any other forms of
potentials which are not discussed here.
One important future project will be to constrain parameters of a potential that fit
the observational data best. This method helps in finding the cosmological dynamical
variables in exact form without even knowing the evolution of scale factor. Another
– 17 –
important result that can be obtained using the results of this article, is to numerically
evaluate φ(a). This can achieved as follows. It is simple to estimate a˙ = aH(a) knowing
the Hubble parameter H which is obtained in an exact analytical form following our
method. Using identity a˙ = (da/dφ)φ˙ and knowing φ˙ following the method of this
article, one obtains φ(a) after employing a numerical integration. From the graph of
φ(a) and V (a) one can readily estimate V (φ) numerically. This makes a connection of
our method with the theory of particle physics, since there V (φ) is directly model led
following symmetry conditions of the theory.
In many the cases when we extrapolate the evolution of the universe we can
observe that the universe is moving from an accelerating phase to a decelerating phase
in the distant future. This amounts to saying that although the universe will be
eternally dominated by the scalar field, it may not accelerate forever since the field
will behave more and more as an attractive matter field [47]. In Sec. 4, we consider
the inverse problem of reconstructing the scalar field potential energy by assuming any
general analytical expression of scalar field equation of state parameter as a function
of scale factor.
6 Appendix
To derive Eqn. 4.3 using Eqn. 4.1 we first obtain,
dφ˙2
da
= 2
[
dV
da
(
1 + ωφ
1− ωφ
)
+ V
{
1
1− ωφ +
1 + ωφ(
1− ωφ
)2}dωφda
]
, (6.1)
which can be simplified as,
dφ˙2
da
=
2V(
1− ωφ
)2 dωφda + 2dVda
(
1 + ωφ
1− ωφ
)
. (6.2)
Using Eqn. 6.2 in Eqn. 2.9 and rearranging terms we obtain,
dV
da
[
1 +
1 + ωφ
1− ωφ
]
+ V
[
6
a
(
1 + ωφ
)(
1− ωφ
) + 1(
1− ωφ
)2 dωφda
]
= 0 , (6.3)
which can be easily simplified into the form of Eqn. 4.3.
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